In this paper we study the equivalence problem with the first Painlevé equation y ′′ = 6y 2 + x (resp. the second Painlevé equation y ′′ = 2y 3 + yx + α) under the action of fiber-preserving and point transformations. More specifically, we explicitly compute the change of coordinates that maps the generic second order differential equation to the Painlevé first equation (resp. the Painlevé second equation). The main innovation of this work lies in the exploitation of discrete symmetries for solving the equivalence problem.
Introduction
By fiber-preserving transformations we mean analytical transformations of the form (x, y) → (x(x),ȳ(x, y)) with the conditionx xȳy = 0 expressing their local invertibility. These transformations form a Lie pseudo-group withx y = 0,x xȳy = 0 (1.1) as defining system. As indicated in the abstract, our aim is to explicitly compute the transformation of this form that maps the second order generic equation E f y ′′ = f (x, y, y ′ ), where
to the first Painlevé equation (resp. to the second Painlevé equation). This change of coordinates, which is clearly function of f and its partial derivatives, does not exist for every f ; it is necessary that the function f satisfies certain conditions. The calculations are based on the following result (DP07) . Given a Lie pseudo-group of point transformations Φ and denote by S E f ,Φ the symmetry pseudo-group of the equation E f wrt to Φ i.e., S E f ,Φ = Φ ∩ Diff loc (E f ). In (DP07), we proved (i) The number of constants appearing in the change of coordinates is exactly the dimension of S Ef ,Φ . This implies that when this dimension vanishes the change of coordinate can be obtained without integrating differential equations. Also, we have dim(S E f ,Φ ) = dim(S Ef ,Φ ).
(ii) In the particular case when dim(S Ef ,Φ ) = 0, the transformation ϕ is algebraic in f and its partial derivatives. The degree of this transformation ϕ is exactly card(S Ef ,Φ ). In this case, the symmetry pseudo-groups S E f ,Φ and S Ef ,Φ have finite cardinals. However they need not to have the same cardinal.
The last case is exactly what happens when Ef is one of the Painlevé equations and Φ is the pseudo-group of fiber-preserving transformations (or more generally point transformations). Indeed, it is classically known that the fiber-preserving symmetry pseudo-group of each one of Painlevé equations is zero-dimensional. In fact, given by (x, y) → λ 2 x, λy with λ 5 = 1 for Painlevé one and by (x, y, α) → (λ 2 x, ελy, εα) with λ 3 = 1, ε 2 = 1 for Painlevé two. Painlevé equations is very worked research area. For instance, in (HD02) the authors give an invariant characterization of the six Painlevé equations. The invariants are computed using Liouville's method (the grand brother of Cartan's equivalence method). However, the authors failed to provide the change of coordinates realizing the equivalence which is more elaborate problem (and more practical result).
Furthermore, in this paper the change of coordinates is computed in terms of generic f . And from the practical point view (which is appropriate for physical applications) there is no need to compute such invariant characterization. Indeed, once the input equation is known then it suffices to specialize the change of coordinates on this equation and test by simple substitution if the equivalence holds. Some heuristics, such as evaluating first invariants, can be added to the general flowchart to be more effective (Dri07). We have included examples to illustrate our method.
Fiber-preserving transformations are suited when studying Painlevé property. However, since Painlevé equations lie in the class of equations of the form
which is invariant under point transformations, we consider in the last section of this paper the equivalence under these more general transformations. The above equation defines a projective structure and its solutions are the geodesics of this projective structure.
Building the invariants
Le (x, y, p = y ′ ) be a system of local coordinates of J 1 = J 1 (C, C), the space of first order jets of functions C ∋ x → y(x) ∈ C (Olv93). Two scalar second order ordinary equations
are said to be equivalent under a fiber-preserving transformation ϕ if its first prolongation (the lift to J 1 ) maps the contact forms ω 1 = dy − p dx ω 2 = dp − f (x, y, p) dx to the contact forms ω 1 = dȳ −pdx ω 2 = dp −f (x,ȳ,p) dx up to an invertible 2 × 2-matrix of the form
The a i are functions from J 1 to C. In addition, to encode equivalence under fiber-preserving transformations (i.e. taking in account the Lie equations (1.1)) we must have
for a certain function a 4 : J 1 → C. Thus two second order differential equations E f and Ef are equivalent under a fiber-preserving transformation ϕ if
For this problem, Cartan's equivalence method (see (KLS85) or (Olv95)) gives three fundamental invariants
and six invariant derivations defined on certain manifoldM , fibred over J 1 , with local coordinates de (x, y, p, a 1 , a 2 , a 4 ). Here,
When specializing on the Painlevé equations, the two fundamental invariants I 2 and I 3 vanish. On this splitting branch, the application of Jaccobi identity to the final structure equations shows that, among these six invariants only the following derivations can produce new invariants
Notation 1 In the sequel, I 1;j···k denotes the differential invariant X k · · · X j (I 1 ). For instance, the invariant I 1;33 is obtained by differentiating twice the fundamental invariant I 1 with respect to invariant derivation X 3 .
The first Painlevé equation
This is the equation
Since the associated fiber-preserving symmetry Lie pseudo-group is zero dimensional, this justify the following lemma (Olv95): on the first Painlevé equation gives six invariants functionally independent defined onM .
The problem with the above invariants is that they do depend on extra parameters a 1 , a 2 and a 4 . Fortunately, in our zero-dimensional case, we can eliminate these parameters by setting
Now substituting the values of the parameters in the remaining invariants give us, due again to our zero-dimensional case, three functionally independent invariants now do not depending on the extra parameters. The reader should be aware that the set of invariants above is not the unique set satisfying the lemma. Our choice is dictated by the simplicity of the considered invariants.
Writing the equality of the invariants and simplifying the obtained system, by computing a characteristic set (Kol73; BLOP95), gives an algebraic transformation of degree 5 (see (Dri07) for details) In these formulae the invariants are normalized using (3.1), that is, do not depending on the extra parameters. According to (ii) of the introduction, we have Theorem 1 A second order differential equation E f is equivalent to the first Painlevé equation by a fiber-preserving transformation if and only if this transformation is given by (3.2) and the normalization (3.1).
Note that a "bad" choice of functionally independent invariants (i.e. the corresponding characteristic set has degree strictly bigger than 5) can be corrected using the Lie defining equation (1.1) written in invariant form as explained in (DP07). Example. Let us explain how Theorem 1 can be used in practice. Consider the following equations The second step is to specialize (3.2) on the given equation to obtain transformation candidates. In step 3, we have to check whether the pullback of the first Painlevé equation w.r.t these candidates is exactly the considered equation.
In the case of equation (3.3), the specialization yields 4 The second Painlevé equation
Let us now consider y ′′ = 2y 3 + xy + α.
Due again to zero-dimensionality, there exists seven invariants defined of the manifold of local coordinates (x, y, p, a 1 , a 2 , a 4 , α) such that when specialized they give exactly seven functionally independent functions. For instance, one can take the invariants I 1 , I 1;3 , I 1;31 , I 1;33 , I 1;331 , I 1;3331 and I 1;33311 . We normalize a 1 , a 2 et a 4 by setting I 1 = −12, I 1;3 = −12, I 1;31 = 0, (4.1) and as the previous section, we obtain 
Equivalence under point transformation
In this final section we shall consider equivalence with Painlevé equations under the more general point transformations. This question can naturally arise since Painlevé equations belong to the class of equations of the form
which is invariant under point transformations.
In this case our starting Pfaffian system is
for which we normalize a 3 and prolong to obtain involution and four fundamental invariants defined on 8-dimensional manifold. For the above class, only two invariants are not identically zero
As in the fiber-preserving case, only two invariant derivations X 1 and X 3 (one page long) are needed. with the normalization
(ii) the second Painlevé equation y ′′ = 2y 3 + xy + α under a point transformation if and only if this transformation is given by with the normalization K 1 = −12, K 2 = 0, K 1;1 = 0, K 1;3 = 0, K 2;3 /K 1;31 = −5/24.
Example. Let us terminate with considering the equivalence of the two equations (3.3) and (3.4) with the second Painlevé under point transformations. In this example computations are done with arbitrary c.
For the first equation, we obtain (after 9.54 seconds ) our transformation candidate in term of c and which is too long to include in this paper (36 Ko as text file). The denominator ofȳ 3 is The situation is similar for the equation (3.4). We obtain the following transformation (in 1.11 seconds)
